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Abstract. We show that any smooth lattice polytope P with codegree greater or 
equal than (dim(P) + 3)/2 (or equivalently, with degree smaller than dim(P)/2), 
defines a dual defective projective toric manifold. This implies that P is Q-normal 
(in the terminology of 'D DP09] ') and answers partially an adjunction-theoretic 
conjecture by Beltrametti-Sommese |BS95] and [DDP09) . Also, it follows from 
[DR06] that smooth lattice polytopes with this property are precisely strict Cayley 
polytopes, which completes the answer in [DDP09| of a question in [BN07) for 
smooth polytopes. 



1. Introduction 

1.1. Cayley polytopes and (co)degree. Let P C M*^ be a lattice polytope of 
dimension n. Given a positive integer k, we denote by kP the lattice polytope 
obtained as the Minkowski sum of k copies of P, and by {kP)° its interior. The 
codegree of P is the following invariant: 

codeg(P) := min{/c [ {kPf n Z" / 0}. 

The number deg(P) := n + 1 — codeg(P) is called the degree of P, see |BN07] . 

It has recently been proven |HNP08| that, if the codegree of P is large with respect 
to n, then P lies between two adjacent integral hyperplanes (i.e., its lattice width 
is one). This gave a positive answer to a question of V.V. Batyrev and the second 
author |BN07) . Actually, in |HNP08] a stronger statement was proven. For this, let 
us recall the notion of a (strict) Cayley polytope, see [HNPOSj IDDP09j . 

Definition 1.1. Let Pqi ■ ■ ■ ^Pk C M™' be lattice polytopes such that the dimension 
of the affine span aff(Po, . . . ,Pk) equals m. Then we define the Cayley polytope of 
Po,...,Pfc as 

Po * . . . * := conv(Po X eo, . . . , Pfc X Cfc) C M"* e M'^+i, 

where eo,...,e/fc is a lattice basis of M^^"*^. Note that it is a lattice polytope of 
dimension m + k. If additionally all Pq, . . . ,Pfc are strictly isomorphic, i.e., they 
have the same normal fan, then we call Pq * • • • * Pfc a strict Cayley polytope. 

It was observed |BN07j that in this situation codeg(P) ^ k + 1 holds, or equiv- 
alently, deg(P) ^ m. Now, in |HNP08j it was shown that there is also a partial 
converse. Namely, if n > /(deg(P)), where / is a quadratic polynomial, then P is 
a Cayley polytope of lattice polytopes in M.fi^'^siP)) _ n believed that this is not a 
sharp bound, there is hope that /(deg(P)) may be simply replaced by 2deg(P). 

Conjecture 1.2. Let P C M"" be an n-dimensional lattice polytope. If codeg(P) ^ 
(or equivalently, n > 2 deg(P)), then P is a Cayley polytope of lattice polytopes 
Po, . . . , Pfc C M'", where m ^ 2 deg(P). 
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Note that we cannot expect to get better than this, since there exist n-dimensional 
lattice simpHces P for n even with n = 2deg(P) that are not Cayley polytopes (for 
any k ^ 1), see Example 1.6 in [D DPOOj . 

Now, recall that a lattice polytope P of dimension n is called smooth, if there are 
exactly n facets intersecting at any vertex of P and the primitive inner normals to 
these facets are a basis of Z". As a consequence of the main result of our paper. 
Theorem 11.61 we can settle this important case: 

Corollary 1.3. Conjecture \1.2\ holds for smooth lattice polytopes. 

Actually, Theorem 11.61 shows much more. For this, let us remark that if P is a 
Cayley polytope given as in Definition ll.il then k > n/2 implies codeg(P) > n/2+1, 
so codeg(P) ^ (n + 3)/2. Now, Theorem 1 1 . 6 1 vields that in the smooth case also the 
converse is true. Namely, if P is a smooth n-dimensional lattice polytope P with 
codeg(P) ^ (n + 3)/2, then P is a Cayley polytope of A; + 1 lattice polytopes in 
dimension m = deg(P) (or equivalently, k = codeg(P) — 1). In particular, k > n/2. 

In the singular case, we cannot expect such a strong statement, as we see from the 
following example. Let Q be the convex hull of (0,0), (2,0), (0,2). This is a lattice 
triangle of degree 1. Since taking lattice pyramids does not change the degree |BN07j . 
the three-fold lattice pyramid Q' over Q is still a five-dimensional lattice simplex of 
degree 1. Finally, let P be defined as Q' x [0,2]. This is a simple lattice polytope 
of dimension n = 6, degree 2 and codegree 5. Hence, codeg(P) ^ (n -|- 3)/2. We 
see that P is a Cayley polytope of four lattice polytopes in dimension m = 3. Here 

= 3 is maximal, yet, k n/2. 

1.2. j4-discriminants and dual defect toric varieties. Given a configuration 
A = {oi, . . . , Oat} of lattice points in M" one gets an associated projective toric vari- 
ety Xa C P^^^, rationally parametrized from the n-th torus by (ti, . . . , t„) i— >■ (t^^ : 
• • • : t""^). The dimension of Xa equals the dimension of the affine span of the points 
in A and, in fact, Xa = Xa' for any lattice configuration A' affinely isomorphic to A 
(that is. A' is the image of A by an injective affine linear transformation). The dual 
variety X\ is defined as the Zariski closure of the locus of hyperplanes in (p^^i)* 
which are tangent to a smooth point of Xa. Generically, X\ is a hypersurface whose 
defining equation (defined up to sign) is called the A- discriminant A^. We call Xa 
a dual defect variety, if is not a hypersurface, in which case we set := 1. The 
dual defect of Xa is defined as — 2 — dim(A^). There is a vast literature on the 
study of A-discriminants starting with the seminal work of Gel'fand, Kapranov and 
Zelevinsky [GKZ94 J. 

Here, we focus on the case, where ^ = P n Z" for a smooth n-dimensional lattice 
polytope P C M". In this case, Xa is a projective toric manifold. It is isomorphic 
to the abstract toric variety associated to the normal fan of P via the projective 
embedding given by the very ample line bundle corresponding to P (see |Ful93] for 
standard results in toric geometry). Since Xa is smooth, the degree of A^ can be 
computed by the following combinatorial invariant c(P), see Chapter 9 of jGKZ94] 
or |DR06) . Let us denote by J-{P)j the set of j-dimensional faces of P. Then 

n 

c(P):=^(-l)"-^(i + l) Volz(P), 

3=0 F£T{P)j 

where Volz(P) is the normalized volume of F, defined such that the fundamental 
parallelepiped of aff(P) has normalized volume dim(P)!. In particular, the 
normalized volume of any lattice polytope is a natural number. For formulas of 
deg(AA) in the general (singular) case we refer to |C(]07[ iDFSOTl lEstOHl iMT OSj. 

In particular, Xa has dual defect if and only if c(P) = 0. Our main result, 
Theorem 11.61 shows that there is a simple equivalent condition purely in terms of 
the codegree of the smooth polytope P. 
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1.3. The relation to the adjunction theory of polarized varieties. Let us as- 
sume that {X, L) is a polarized manifold, i.e., X is a projective manifold with ample 
line bundle L and canonical bundle Kx- In the adjunction theory of polarized vari- 
eties (we refer to the book |BS95| ) there are two invariants which have been studied 
quite intensively: The (unnormalized) spectral value fi, which is the supremum of 
all t such that tL + Kx does not have global sections. And the nef-value r, which 
equals the infimum of all t such that tL + Kx is not nef (i.e., numerically-effective). 
Using the notation of |DDP09j . let us call {X,L) Q-normal, if these two invariants 
coincide. The following conjecture |BS951 Conj.7.1.8] has been confirmed for n ^7 
and in many other cases. 

Conjecture 1.4 (Beltrametti, Sommese). If an n- dimensional polarized manifold 
{X,L) satisfies fj, > then it is Q-normal. 

If {X, L) is given by a smooth lattice polytope P, then /i and r can be computed 
purely in terms of P, and we have ^ codeg(P), see [DDPODj . Hence, Theorem 11.61 
has the following corollary. 

Corollary 1.5. // an n-dimensional polarized toric manifold {X,L) satisfies (i > 
^^y^, then it is Q-normal. 

In particular, Coniecture 11.41 holds, except possibly if n is even and (n + l)/2 < 
^ ^ (n + 2)/2. 

1.4. The main result. The goal of this paper is to complete the proof of the 
following theorem: 

Theorem 1.6. Let P C M" he a smooth lattice polytope of dimension n. Then the 
following statements are equivalent: 

(i) codeg(P) ^ 

(ii) P is affinely isomorphic to a strict Cayley polytope Pq*. . .*Pk, where fc+l = 
codeg(P) with k > ^ (and dim(Pj) = deg(P) for all j = 0, . . . ,k), 

(iii) the toric polarized variety {X,L) corresponding to P is dual defective (nec- 
essarily, with dual defect 5 = 2codeg(P) — 2 — n), 

(iv) c(P) = 0. 

If these conditions hold, then {X,L) is Q-normal with fi = codeg(P) = r. 

In particular, (ii) implies that P is combinatorially simply a product of a 
(codeg(P) — l)-simplex and a deg(P)-dimensional polytope. Most parts of the 
proof have already been done by S. Di Rocco [DR06' and by S. Di Rocco, R. Piene 
and the first author [D DP09J . The only new ingredient is Theorem 12. H which is 
used to remove the Q- normality assumption in |DDP09j . 

Proof. We have (i) =^ (iv) by Theorem I2.1l fi) below. Propositions 2.3 of [DR06] 
shows that (iv) holds if and only if 

X ^¥{Lo®---®Lri+s), 

2 

where Lj are ample line bundles on a toric manifold of dimension ^^^^ , where 5^1 
is the dual defect of X C P^~^. An equivalent formulation was given in Proposition 
3.7 of |DR06j as follows: 

(1) P^Po*---*-Pii+i, 

2 

for strictly isomorphic smooth -dimensional lattice polytopes Pj (i = 0, . . . , ■^^^), 
where 5^1. Note that this immediately implies (iv) =^ (i). Moreover, Proposition 
3.9 in [DDP09j yields that ([T]) implies Q-normality. Therefore, we can apply the main 
theorem. Theorem 1.12, in |DDP09j to deduce that (i) =^ (ii) <^=^ (iii) =^ (iv), 
as well as // = codeg(P) = r. □ 
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1.5. An illustration of our result. Let us determine when the product of pro- 
jective spaces embedded by Segre and Veronese embeddings has dual defect. This 
is Corollary 5.11 of Chapter 1 of [GKZ94]. This reproves also the criterion for the 
existence of the multigraded discriminant (see Chapter 13, Proposition 2.3) and for 
the non-triviality of the hyperdeterminant (see Chapter 14, Theorem 1.3) described 
in [GKZ94]. 

We only need the following simple corollary of Theorem 11.61 



Corollary 1.7. Let Pi,...,Pr be smooth lattice polytopes. Then the toric variety 
associated to Pi x ■ ■ ■ x Pr has dual defect if and only if 

(2) 2max(codeg(Pi), . . . ,codeg(Pr)) ^ dim(Pi) + • • • + dim(P,.) + 3. 

Proof. Note that the definition of the codegree immediately implies codeg(Pi x Pr) = 
max(codeg(Pi), . . . , codeg(Pr))- D 

Let Sn be again the n-dimensional unimodular simplex, i.e., Volz(S'n) = 1. It is 
easy to see that codeg(5„) = n + 1. Let us define simplices Pi := diSk^ for positive 
natural numbers di, ... ,dr, ki, ... ,kr. In this case, we can reformulate the criterion 
© as 

2 max 





'ki + 1' 




'kr + I 




( 


di 


1 • • • 1 


dr 


) 



^ki + --- + kr + ^. 

This condition can only be satisfied, if the maximum is attained for i € {1, . . . ,r} 
with di = 1. Hence, we get that the toric variety associated to Pi x • • • x has 
dual defect if and only if 

2ki > ki + ■ ■ ■ + kr for some i G {1, . . . , r} such that di = 1. 

For instance, let us consider the simplest possible case: r = 2, di = ^2 = 1- Here, 
we deduce that P'^^ x P'^^ embedded by the Segre embedding has dual defect if and 
only if ki = k2. In Chapter 9, Example 2.10(b), of [GKZ94J this was reproven by 
explicitly calculating the invariant c(5fc^ x 5^2) using a nice observation on sums of 
binomial coefficients (Chapter 9, Lemma 2.9): 

We see that already in this situation checking codeg(P) ^ (dim(P) + 3)/2 turns 
out to be much simpler than computing c(P). However, binomial identities of this 
fiavour will come up in the proof of our main result. 



1.6. Organization of the paper. This paper is organized as follows. In the second 
section we prove our main result Theorem 12.11 which gives a non-trivial relation 
among the volumes of the faces of a simple lattice polytope P, if codeg(P) > 1. In 
the third section we consider the conjecture of S. Di Rocco stating that c(P) ^ for 
any lattice polytope P, which we confirm for lattice simplices. In the last section, 
we sketch some directions for future research. 
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Geometry program (August 17 to December 18, 2009). We thank Sandra di Rocco 
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2. The main result 
Throughout the rest of the paper, let n ^ 2 and ^ (i ^ n. 
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2.1. The statement of the theorem. Recall that an n-dimensional polytope P 
is simple, if every vertex is contained in precisely n facets. For instance, smooth 
polytopes are simple. Here is our main combinatorial result: 

Theorem 2.1. Let P be an n- dimensional simple polytope of degree d < n. 
(i) If d < n — d (equivalently, d ^ ^^y^; respectively codeg(P) ^ ^^^A then 

c{P) = 0. 



(ii) If d ^ n — d, then 



n—d—l 



{{n-d)hl_,{F) + {j + l) hUF))=0. 

j=0 F(iT{P)j k=0 

The notation in the second statement is explained in the next subsection. The 
proof itself is given in Subsection 12.51 Since it involves basic Ehrhart theory and 
some identities of Binomial coefficients, we will discuss these topics first. The ideas 
of the proof are outlined in Subsection 12.41 



2.2. Basics of Ehrhart theory. Let us start with recalling some standard notions 
and results in Ehrhart theory, see jBR06| . 

Let P C be an n-dimensional lattice polytope. The Ehrhart polynomial ehrp is 
given by the function (/c € N i— )• \{kP) DTj'^I). It has a well-known rational generating 
function |Ehr77l IStaSH] : 

|(A;P) nZ"|t^ 



E 



(i-t) 



n+l 



where /iq, . . . , /i* are non- negative integers satisfying /iq + • • • + /i* = Volz(P). The 
enumerator polynomial hp{t) is sometimes called the h* -polynomial of P. Its degree 
(i.e., the maximal k such that /i^ 7^ 0) equals the degree of P, see |BN07j . If F is 
a face of P, then Stanley's monotonicity theorem |Sta93j yields deg(F) ^ deg(P), 
which we will use later on. 

Let us also remark that switching between the Ehrhart polynomial and the h*- 
polynomial is merely a linear transformation corresponding to the choice of a basis 
of binomial coefficient polynomials instead of a monomial basis: 

(3) ehrp(t)= Y hUP)r^l • 

The Ehrhart polynomial also allows to count the number of interior lattice points. 
For k G N^i we have \{kP)° PI Z"| = (— l)"'ehrp(— /c), which is called Ehrhart reci- 
procity. In particular, it shows that counting the number of interior lattice points is 
also polynomial. 

2.3. Identities of binomial coefficients. The core of the proof is a calculation 
involving alternating sums of products of binomial coefficients. It is interesting to 
note that similar formulas can be found in related work: naturally, when determining 
the degree of the ^-discriminant in the smooth case (pp. 282-285 in [GKZ94]), in 
explicit generalized Bott formulas for toric varieties |Mat02] . and more recently in 
the computation of the /i-vector of the regular triangulation of a hypersimplex in 
order to bound the /-vectors of the tight span [,HJ07j . 

Let us recall the following convolution formula. A proof can be found in 
Griinbaum's classical book on polytopes [Gru031 p. 149]. Interestingly, we found 
this reference in a recent paper about tropical intersection curves and Ehrhart 
theory |STn9j . 
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Lemma 2.2. Let ^ c ^ a and 0^6, then 

Here is the main lemma. In contrast to the other above cited papers, we do 
not (yet) provide a direct proof, instead we verify this identity using the amazing 
Zeilberger's algorithm, for which we refer to the "A = B" book |PWZ96j . 

Lemma 2.3. For k € {0, . . . ,d} and j G {k, . . . , n} we have the following identities: 
i=o \ J / \ / I , k > n — d 



Proof. For a := n — d ^ 1, let us define the function 

oo 

f{k) :=^F(fc,i), 



j=0 



where 



Let us show 

(4) /(A; + 1) = /(A:), if A;0{a-l,a}. 

To see this claim, we apply the function zeil of the maple-package EKHAD8. This 
returns the following equation: 

(5) (a - k){a - I - k){j + l){F{k, i) - F{k + 1, i)) = G{k, i + 1) - G{k, i), 
where G{k,i) := F{k,i) ■ R{k,i) for the rational function 

R{k,i) := {—j — 1 + a — i){i — k){ka — ikj + aji — ki — aj)/{{i + j — k)i). 

We remark that the reader can verify the algebraic equation ([5]) directly after di- 
viding both sides by F{k,i). Now, summing over i on both sides of Equation ([5]) 
yields 

(6) (a - k)ia - 1 - k){j + l){f{k) - f{k + 1)) = -G(A:,0), 
where 

-G{k, 0) = ~ ^) + ^) {-j - 1 + a)ka. 

Using our assumption j — ^ we see that —G{k, 0) = 0. Hence, Equation ^ 
yields that f{k) — f{k + 1) = 0, if a — A; 7^ and a — 1 — A; 7^ 0, which proves our 
claim dH). Let us distinguish three cases: 

(i) Let k < a. In this case, (g]) yields f{k) = f{k - 1) = • • • = /(O). Now, we 
apply zeil again on /(O) as a function in j: 



i=0 

In the same way as above we get the recurrence equation 

(-i-2)/i(i) + (i + l)/i(i + l) = 0. 

Since j 1— >• j + 1 satisfies the same recurrence equation and the initial values 
/i(0) = a — (a — 1) = 1 coincide, this shows /(O) = fi{j) = j + 1, as desired. 
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(ii) Let k = a. Here we regard /(a) as a function in j: 

/*):^E(-r-'C'r'")(r-i)- 

Again by zeil we get that /2(j) - 2/2(j + 1) + /2(i + 2) equals 
(_l)a+i (j-g) p+i)a(-2aj + - 4a + + Aj + 3) 
(i + l)(a-j-2) 

Since a = k ^ j, this expression evaluates to 0. Therefore, /2 satisfies for 
j ^ a the same recursion as a constant function. Now, we only have to 
observe that /2(a) = a and /2(a + 1) = a to get /(a) = /2(j) = a. 

(iii) Let A; > a. In this case, (jH) yields f{k) = f{k - 1) = • • • = /(a + 1). Now, 
we apply zeil again on f{a + 1) as a function in j: 

/3(.):^|(-ir-.f-^7-')(l!^). 

As above, we get {-j - 2)h[j) + (j + l)h{j + 1) = for j ^ A: = a + L 
Again, it remains to observe that /3(a + 1) = 0. 

□ 



2.4. The idea of the proof. Let us give an outline of the proof that codeg(P) ^ 
(n + 3)/2 implies c(P) = 0. By definition, conditions on the codegree of P translate 
into the vanishing of certain values of the Ehrhart polynomial of P. Using a well- 
known inclusion-exclusion formula for simple polytopes (e.g., see Exercise 5.9 in 
|BR06| ) we get the following equations: 

(7) = |(A;PrnZ"|=^(-l)^- \{kF)f^r'\ V A; = 1, . . . , f^], 

j=0 dimF=j 

where the sum is over all faces F of P. One motivation to use these formulas is 
their interpretation as the dimensions of the cohomology groups H^{X,Q^{kL)) 
{k = 1, . . . , [^^D, see (Mat02| . which is also valid for Q-factorial toric varieties. 

Now, we expand these linear equations in terms of the coefficients of the h*- 
polynomial. In order to have as much linear equations as possible we consider all 
the faces of P which have interior lattice points. On the other hand, we also observe 
that c{P) can be easily expressed as an expression which is linear in terms of the 
coefficients of the /i*-polynomials. So, the theorem would follow, if it would turn out 
that c(P) is a linear combination of the equations we started with. Amazingly, this 
is true. Indeed, the proof is a purely formal combinatorial argument, which does 
not involve any (non-trivial) geometry. The lucky part is to come up with the right 
(binomial) coefficients, which we guessed based upon low-dimensional experiments. 
We do not know yet of a more insightful and systematic way to prove our result. 



2.5. Proof of Theorem 11.61 We are going to show that both expressions in the 
statement of the theorem are actually equal to 

w t E(-i)''-'i(/y,)f E i(«rnz"i)^ 

p=d+i i=i ^ \GeT{P)p ) 

Let us first note that this is indeed zero, as desired: If G G J-{P)p for p > d, then 
Stanley's monotonicity theorem implies 1 ^ p — d ^ p — deg(G) = codeg(G) — 1. In 
particular, \{iG)° Z"| = for any i = 1, . . . ,p — d, hence, the formula vanishes. 
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Let US now fix p G {d + 1, . . . , n} and i G {1, . . . ,p — d}. Let G £ F[P)p. The 
inclusion-exclusion-formula for simple polytopes yields: 

GGJ-(P)p GeJ^(P)p \j=o FeJ^(G)j 

Moreover, since P is simple, any face F of P of dimension j ^ p is contained in 
precisely (^1^) faces G of P of dimension p. This yields 

E i(^G)°nz-i = x:(-ir^' E (rO^^^^^^)- 

GeJ-(P)p i=o F(LT{P), ^ 

Applying Equation ([3]) to F G T(P^j and noting that deg(F) ^ min(j, d) by Stan- 
ley's monotonicity theorem we get: 



n min(i,d) , 
n — j\/Z-)-J — K 



Hence, we conclude that Equation ^ equals 

n p-d . , ^ \ ( ri mm{j,d) . ... . ,n / 

E(-yT(EE(-ir-.(/_:i.)(:-)C^-'=))( E 

Let us simplify the expression in the middle bracket: 

E;E(-.-.(/-:-.)(:::)("r^) 

71 — c/ / . . 1 \ I — "-^ — / 'X / -I 

Z -|- J — K \ / \a I ''^ ~ 3\ I "-+1 



E(-i)"-'-'< r ) E(-i)'( 

i=o v J / \ \ y / 



n — d — i — q 



(9) =E(-ir 



j=0 



j J\n-d-i 



where in the last step we used Lemma 12. 2i note n — d — i ^ n — d — {n — d) = 0. 
Now, we can apply Lemma 12.31 Let us distinguish the two cases of the theorem: 

(i) li d < n — d, then k ^ min(j, d) < n — d, hence expression ([9]) simplifies to 
J -|- 1 by Lemma 12.31 Therefore, Equation dS]) equals 

n m'm(j,d) 

E(-i)' E (^' + 1) E mF) = c{p), 

j=0 k=0 FeT{P)j 

where we used Ej^?''^^ Ki^) = Volz(F). 
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(ii) If d ^ n — d, then expression Q simplifies according to the three different 
ranges of k in Lemma 12. 3i Therefore, Equation ([8]) equals 



□ 



3. The non-negativity conjecture 
In |DR06j the following conjecture was formulated: 

Conjecture 3.1 (Di Rocco). Let P C M" be an n-dimensional lattice polytope. 
Then c(P) ^ 0. 

This is not at all obvious or something one would naturally expect from an algebro- 
geometric viewpoint. While in the case of a smooth polytope, c{P) equals the degree 
of the associated A-discriminant A^i, in the general case c{P) is the degree of a 
homogeneous rational function Da, called the regular A- determinant, see Chapter 
11 of |GKZ94j . which does not has to be a polynomial. The rational function Da 
equals the alternating product of the principal determinants associated to all the 
facial subsets of A. In Example 2.5 of Chapter 11 of [GKZ94j . an example of a 
non-simple lattice polytope (the hypersimplex A(3, 6)) is given such that Da is not 
a polynomial. Still, Di Rocco calculated in |DR06j that c(A(3,6)) > 0. 

If P is simple and the associated polarized toric variety is quasi-smooth, it is 
shown in Theorem 1.6 of Chapter 11 of |GKZ94| that Da is a polynomial (not 
necessarily equal to A^), so in particular its degree c{P) ^ 0. Here, being quasi- 
smooth means that i{F, A) = 1 holds for any face F of P, where i{F, A) is the index 
of the affine lattice generated by the lattice points in F with respect to the affine 
lattice generated by all lattice points in the affine hull of F. This condition holds, 
for instance, for any simple polytope which defines a very ample line bundle on the 
associated Q-factorial toric variety. However, Conjecture 13.11 seems still to be open 
even for simple polytopes. 

In the following proposition, we verify Conjecture 13.11 for lattice simplices. Note 
that this case is indeed not covered by the results on quasi-smoothness. Starting 
from dimension four, there are n-dimensional lattice simplices that are not quasi- 
smooth: as an example take the convex hull P of 64, ei + e^, 62 + 64, 61 + 62 + 263 + 64, 
—61 — 62 — 63 — 264 in M^, where 61, . . . , 64 is a lattice basis of Z^. In this case, the 
facet F formed by the first four vertices satisfies i{F, A) = 2, however we computed 
that c{P) = 21. 

Proposition 3.2. Let P C be an n-dimensional lattice simplex. Then 

c{P) ^ 0. 

Proof. In the case of a lattice simplex, let us identify P C M" with P x {1} c M"^-'^. 
Let vq, . . . ,Vn be the vertices of P. We identify the faces of P of dimension j with 
subsets of [n + 1] := {0, . . . , n} of size j + 1. As is well-known, the coefficients of the 
/i*-polynomial count lattice points in the half-open paralleliped spanned by P, see 
Corollary 3.11 in |BR,n6j . Let k € {0, . . . ,n}: 

n 

hi = \{x G Z"+i : ^ = E ^ Ai < 1, E = 

ie[n+l] i=0 

Let us define S0 := 1, and for 7^ / C [n+1]: 

SI ■= \{x G Z"+i : X = E 1), < Ai < 1}|. 
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Note that 

Volz(P) = \{x G Z"+i : X = ^ \i{vi, 1), ^ A, < 1} = ^ s/. 

iG[n+l] /C[n+1] 

Hence, 

i=0 FC[n+l],\F\=j+l \ICF 

Counting the number of face-inclusions as in the previous proof we get 

IQn+l] \j=\I\-l ^ 

Let us compute the expression in the bracket using Lemma l2.2t 




n + 1 - |/|\ fn+l-q 
q )\n-q 



= (_!)« (ri + l-{n+l- ^ /|/| 

\ n J \n 

This proves: 

(10) c{P)= f'^')«/^0. 



/C[n+1] 



□ 



Remark 3.3. In the situation of the proof, we can give a more insightful way to see 
that codeg(P) ^ ^^^y^ implies c{P) = 0. For this, observe that Equation ()10p implies 

c(P) = {n + l)s[„+i] + Y ^l- 

IQ[n+l\,\I\=n 

In particular, 

c(P)=0 sj = V/C [n + l],|/| ^n. 

By Lemma 2.2 in |Nil08] we have s/ = 0, if |/| > 2deg(P). Hence, we get 

n + 3 

codeg(P) ^ n > 2deg(P) ^ c(P) = 0. 

Here is an open question: Does in this case c(P) = imply that P is a lattice 
pyramid? This would sharpen the main result in |Nil08| . 

One might also wonder whether one could extend the proof of Proposition 13.21 to 
all lattice polytopes via lattice triangulations. This has been a successful approach 
to many problems in Ehrhart theory, see |BM851 Pay08| . 

4. Directions for future research 

As the reader may have have noticed, we do not have a purely combinatorial proof 
of Corollary 11.31 since we rely on the algebro-geometric results in } DR06) . Is there a 
more direct combinatorial way to deduce the Cayley structure? Moreover, we have 
to leave the obvious question open, if any of the implications 

codeg(P) ^ (n + 3)/2 =^ c{P) = ^ P Cayley polytope 

still hold for arbitrary n-dimensional lattice polytopes, cf. Conjecture 4.5 in |DR06] . 
A more natural idea is to expect that the following conjecture holds: 



Conjecture 4.1. Let P C be an n-dimensional lattice polytope. with 

2 

dual defect. 



codeg(P) ^ (or equivalently, n > 2deg(P)). Then, deg(AA) = 0, that is Xa is 



PROJECTIVE TORIC MANIFOLDS WITH DUAL DEFECT 
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We believe that there should be a combinatorial proof in the singular case in a 
similar fashion as the proof above, using the purely combinatorial formulas for the 
degree of the A-discriminant associated to a lattice polytope [EstOSl IMTOSj . 

It is already known [CCOTllEstOS] that if P defines a (non necessarily regular) dual 
defect toric variety, then P has lattice width one, i.e., it is a Cayley polytope of at 
least two lattice polytopes. Moreover, S. Di Rocco and C. Casagrande generalized 
the characterization of dual defect toric manifolds [CS08) to the Q-factorial case. 
There are known criteria for defectiveness valid in the singular case [DFS071 IMTOS] , 
but the precise combinatorial classification of the structure of lattice configurations 
A such that is dual defect in full generality is an open problem. 

We end with an example derived from the results of [BDR08] in the classification 
of self-dual toric varieties, and results of |CC07| . We construct a singular dual defect 
toric variety associated with a (Cayley) lattice polytope P of dimension n = 6 which 
does not have the structure of a Cayley polytope of lattice polytopes Pq, . . . ,Pk C 
R™', where k is sufficiently big compared to n (that is k is not bigger than | = 3). Set 
TO = 4, /c = 2. Let Pq be the triangle with vertices {(0,0,0,0), (2,0,0, 1), (1,0,0, 1)}, 
Pi the triangle with vertices {(0, 0, 0, 0), (0, 2, 0, 1), (0, 1,0, 1)}, P2 the triangle with 
vertices {(0, 0, 0, 0), (0, 0, 2, 1), (0, 0, 1, 0)}, and let P be the 6-dimensional Cayley 
polytope P = Pq * Pi * P2. It follows from |BDR08j that P has exactly 9 lattice 
points (which can be easily verified). The associated toric variety (X,L) is defective 
with dual defect equal to 1 (in fact, it is self-dual). We thank Andreas Paff^enholz for 
the computation of the codegree of P, which is equal to 3. So, codeg(P) is smaller 
than (6 + 3)/2. In particular, in the singular case defectiveness does not imply high 
codegree and hence, it does not imply a Cayley structure as in Theorem II. 6[ 
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